The Taylor coefficients of flavor diagonal and off-diagonal susceptibilities as well as baryon number, isovector and electric charge susceptibilities are considered within a phenomenological quasiparticle model of the quark-gluon plasma and successfully compared with available lattice QCD data up to fourth-order for two degenerate quark flavors. These susceptibility coefficients represent sensible probes of baryon density effects in the equation of state. The baryon charge is carried, in our model, by quark-quasiparticle excitations for hard momenta.
I. INTRODUCTION
The last few years witnessed two important milestones in the realm of relativistic heavyion collisions and related applied QCD: (i) Hints for a strongly coupled quark-gluon plasma have been deduced from experiments at RHIC [1] [2] [3] , and (ii) lattice QCD calculations have been extended to non-zero net baryon density. While for many observables, at mid-rapidity, baryon-density effects are fairly small in heavy-ion collisions at top RHIC and future LHC energies, they become important for the ongoing low-energy runs at RHIC, previous CERN-SPS and future FAIR energies. Furthermore, the debated QCD critical point seems to be located at non-zero net baryon density according to investigations reported in [4] . Therefore, the exploration of this part of the phase diagram of strongly interacting matter gains increasing attention, both experimentally and theoretically. A necessary prerequisite in the search of the critical point is the understanding of thermodynamic bulk properties of QCD matter at non-zero net baryon density.
First-principle lattice QCD calculations include all features of the complexity of QCD at finite temperature and net baryon density, supposed the numerical accuracy is appropriate.
Indeed, signals of the QCD critical point have been found [5, 6] , and the pseudo-critical curve not too far from the temperature axis in the T − µ plane is routineously determined today [5, 7] (T and µ denote temperature and chemical potential, respectively).
Basically, the partition function Z(T, µ) or the grand canonical potential Ω(T, µ) or the pressure p(T, µ) contain much information on thermodynamic bulk properties of a medium.
Susceptibilities are second-order derivatives of the pressure in the chemical potential direction. In so far, susceptibilities represent sensible quantities probing the active baryonic degrees of freedom in a medium. Even more, susceptibilities are related to fluctuations, which are debated to represent signatures of deconfinement effects [8, 9] , thus being of utmost experimental relevance.
Information on various susceptibilities have been accumulated from first-principle lattice QCD calculations [6, [10] [11] [12] [13] [14] [15] [16] [17] . Keeping in mind possible limitations due to finite-size, numerical set-up and quark mass (m i ) effects they, nevertheless, are a source of important information on baryon density effects in the hot quark-gluon medium. Below T c , where T c denotes the pseudo-critical temperature for deconfinement, the hadron resonance gas model (cf. [12, 18] ) has been successfully compared with the lattice QCD data [12] . Above T c , the situation is less settled. Certain baryonic bound states have been considered in [19] aiming at arriving at a physical picture of the strongly coupled quark-gluon plasma. Further developments [20, 21] try to deduce also transport properties of deconfined strongly interacting matter. In addition, susceptibilities have been studied in phenomenological approaches such as the Nambu-Jona-Lasinio model [22] or Polyakov loop extensions thereof [23] [24] [25] as well as quasiparticle models [26, 27] . Furthermore, within the Φ functional approach to QCD [28] , qualitative agreement with the lattice QCD data in [10] was found for T ≥ 1.5 T c . All these approaches attempt to catch the relevant excitation modes. One should keep in mind that in the weak-coupling regime or in a medium with prominent quasiparticle excitations, the bulk properties are governed by excitations with hard momenta k ∼ T, µ. Soft or ultra-hard modes are expected to influence p(T, µ) rather less.
For the ultimate description of the very nature of the quark-gluon plasma one has to know correlations and spectral functions, propagators and related dispersion relations. Such information is still fairly scarce, but starts accumulating [29, 30] . Having at our disposal only the numerical data of thermodynamic state variables one must try to figure out which physical picture(s) is (are) compatible. Such an endeavor is clearly phenomenological. Besides the motivation of getting an interpretation of the available lattice QCD data, also the applicability of such phenomenological models represents important aspects, say for extrapolations to larger net baryon density, or for interpolations between different regions of the QCD equation of state (EoS) [27] , or for comparing different flavor numbers.
The aim of the present paper is to confront in some detail the lattice QCD data from [6, 12, 13] for two degenerate quark flavors with our quasiparticle model [31] [32] [33] . This model was used up to now for one independent chemical potential. With the goal of analyzing isovector, electric charge and flavor (off-)diagonal susceptibilities we are going to generalize the model towards two independent chemical potentials µ u and µ d of up and down quarks, respectively. In fact, isovector and flavor (off-)diagonal susceptibilities represent much more sensible tests of a model than the baryon susceptibility alone. Furthermore, a detailed knowledge about the dependence of bulk thermodynamic quantities on, at least, two separate quark chemical potentials µ u and µ d is necessary in order to discuss the impact of changes in various flavor sectors on the baryon density dependence of the EoS. Also, this becomes important when discussing properties of deconfined quark matter such as β-stability and electric charge neutrality in hypothetical ultra-dense and hot proto-neutron stars. While for one independent chemical potential, say µ u = µ d , the model has been successfully compared with various sets of lattice QCD data in [33, 34] , the straightforward generalization to a set of chemical potentials µ = {µ u , µ d } is restricted by consistency requirements [35] given by Maxwell type relations and the stationarity condition of the thermodynamic potential. We show here, that the Taylor expansion coefficients of various susceptibilities are accessible up to a certain order in a consistent formulation, contrasting our model as an alternative to the picture developed, for instance, in [19] .
Our paper is organized as follows. In section II, we extend the previous quasiparticle model [31] [32] [33] towards including two independent chemical potentials and discuss the consistency conditions for the resulting generalized system of flow equations. Section III is devoted to the numerical evaluation of various susceptibilities and the comparison with lattice QCD data. In addition, these results are used for discussing some properties of hot deconfined quark matter by means of a Taylor expansion of bulk thermodynamic quantities imposing, for instance, β-equilibrium and electric charge neutrality. The summary and discussion can be found in section IV. Appendix A summarizes the entropy density expression and its relation to the primary thermodynamic potential, while explicit representations of coefficients needed for determining the susceptibilities are listed in Appendices B, C and D.
II. EXTENDING THE QUASIPARTICLE MODEL
We consider the case of two degenerate quark flavors for which the lattice QCD data [6, 12, 13] are at our disposal. We choose the pressure p(T, µ u ,
as fundamental quantity in the following with quark flavor chemical potentials µ u,d or, equivalently, quark and isovector chemical potentials µ q,I which are related via µ q = 1 2 [6, 13] .) µ q = 
vanish. Furthermore, in the flavor symmetric case
These generalized quark number susceptibilities represent a rich test ground. Besides the mentioned physical meaning of susceptibilities as measures for fluctuations, they additionally constitute the Taylor coefficients of the excess pressure ∆p(T,
thus containing information about baryon density effects in the EoS. The net quark flavor number densities n i = ∂p/∂µ i with i = u, d read
where 
For later purposes, we also exhibit the corresponding expression for gluons reading
The quark mass parameters m i might comply with the lattice calculational set-up, e.g. either m i = ξ i T with constant ξ i to compare with [12] , or constant m i to compare with [6, 13] .
The crucial point is that, besides the displayed explicit dependence of the self-energy parts Π l (where l is a label for u, d, g) on {µ i } = µ u,d and T , there is also an implicit dependence via the effective coupling G 2 (T, µ u , µ d ). In the case of one independent chemical potential
e. µ I = 0), the Maxwell relation ∂n q /∂T = ∂s/∂µ q , with entropy density s, together with the stationarity of the grand canonical potential, δp/δΠ l = 0, leads to Peshier's flow equation [32] which determines G 2 (T, µ q ) for given initial condition G 2 (T, µ q = 0). In the case of two independent chemical potentials µ u,d or, equivalently, µ q,I , a system of three coupled equations is obtained from demanding stationarity and from the Maxwell relations
The needed expression for the entropy density is listed in Appendix A and, with the definitions of µ u,d and µ q,I above, we note for isovector and quark number densities n I = n u − n d
and n q = 3 n B = n u + n d , respectively. The emerging system generalizes Peshier's flow equation [32] towards two independent chemical potentials propagating
into the thermodynamic parameter space, i. e. to non-zero µ q and µ I .
The structure of the generalized system of flow equations reads in the basis (µ q , µ I )
with coefficients A 1,2,3 , B 1,2,3 , C 1,2 listed in Appendix B. From these coefficients it becomes evident how quark and gluon sectors are coupled. It was earlier argued [35] that the generalized system of flow equations in Eqs. 
These partial differential equations are uniquely solvable if the coefficients A 1,2 and B 1,2 and (56) and (57) in Appendix C
where I k represent phase-space integrals listed in Appendix B, implying also ω u = ω d in the mass symmetric case, m u = m d , and
Furthermore, by exploiting Eqs. (9-11), one finds
= 0 and
while from Eqs. (12) and (13), we find
Note that in the flavor symmetric case considered here, Eqs. (16) and (17) are related via
In addition, odd derivatives with respect to the chemical potentials such as
or mixed derivatives such as The quark number susceptibility
has been analyzed already in detail in [33] , and an impressively good agreement of our model with the lattice QCD data from [12] has been found. The isovector susceptibility χ I (T, µ q ) is only accessible with the present extension of our model; it obeys the expansion
where the expansion coefficients read
Due to the invariance of ln Z under CP transformations, c (circles for k = 2 and squares for k = 4) for N f = 2 quark flavors.
is given in Eq. (16).
As in our previous studies [33] , we choose for the effective coupling
entering Eqs. (4), (5) and (16) the parametrization
The numerically evaluated QPM results for c from the parametrization employed in [33] for describing c i . This is due to the different quark dispersion relations used in [33] and here. Employing instead Eq. (4) as quark dis-persion relation with the QPM parameters for G 2 (T ) stated above, we find an equally good agreement of QPM results for c i with the lattice QCD data [12] as reported in [33] .)
Similar to c 4 , the expansion coefficient c I 4 slightly underestimates the lattice QCD data [12] approaching its Stefan-Boltzmann limit 1/(2π 2 ), while c I 2 agrees remarkably well with the data [12] for T ≥ T c approaching its Stefan-Boltzmann limit N f /2 asymptotically. Whereas χ q , due to the growing importance of the higher-order expansion coefficients with increasing chemical potential, exhibits a significant peak structure close to T c for large µ q /T indicating some critical behavior, χ I does not point to such structures. This behavior is a consequence of the much less pronounced peak in c I 4 compared to c 4 . Similar findings were reported in [37] , where a phenomenological sigma model was considered. Below T c , the agreement with lattice QCD data might be accidental, but one may consider Eq. (22) as convenient parametrization also for this region (see also discussion in section IV).
Correlations between fluctuations in different flavor components can be discussed by considering flavor diagonal and off-diagonal susceptibilities. They read
for the flavor diagonal susceptibility and
for the flavor off-diagonal susceptibility, where the individual expansion coefficients are de- is zero for all temperatures, in contrast to the data which are numerically small and differ noticeably from zero only in the region T T c . This is simply a consequence of c hand, χ ud increases rapidly with increasing µ q in the vicinity of T c , indicating increasing correlations [8, 9] between fluctuations in different flavor channels in the transition region.
This also explains the observed different behavior of χ q and χ I : While peak structures effectively add up in χ q they approximately cancel each other in χ I .
The behavior of the electric charge susceptibility χ Q is strongly related to χ q and χ I via
χ q . The corresponding Taylor expansion reads
with expansion coefficients c in section III A. As a result, some of the coefficients in the generalized system of flow equations render which changes also the derivative expressions of the effective coupling. To be precise, the terms explicitly depending on ξ u and ξ d , which enter Eqs. (16) and (17) and some coefficients in Appendix B and C, have to vanish for constant m u,d .
Furthermore, non-improved actions have been employed in [6, 13] , thus cut-off effects on the numerical results are sizeably increased compared to improved actions. In section III A, we assumed the lattice QCD data [12] to be rather close to the continuum limit as improved actions were used (cf. a discussion in [38] ); thus no continuum correction factor was applied.
(As discussed in [11] , continuum limit corrections to the Taylor expansion coefficients c k are expected to be similar (10-20%) to corrections for the pressure at zero chemical potential [39] , even though, the corrections seem to increase for higher-order expansion coefficients, see [11, 40] .) Here, however, we have to rely on an estimate for the continuum extrapolation of the lattice QCD data from [6, 13] . By investigating different temporal lattice extensions N τ at fixed large temperature in [41, 42] , the continuum limit of some generalized quark number susceptibilities was estimated. Even though, in principle, correction factors could be different for different temperatures, we apply as scaling factors d Estimating the continuum limit is necessary for making possible a meaningful comparison between the expansion coefficients considered in section III A and the generalized quark number susceptibilities χ ju,j d . In fact, they are closely related [19] , e. g. the expansion coefficients of flavor diagonal and off-diagonal susceptibilities χ uu and χ ud can be expressed in terms of χ ju,j d via
Within the extended QPM, we find from Eq. (1) and by using Eqs. (28) and (29) χ 2,0 (T )
where
are given in Eqs. (16) and (17) . As both derivatives of the effective coupling entering these expressions are related with each other in the flavor symmetric case, we find χ 3,1 = 0 for all temperatures in the QPM, while χ 2,2 is non-zero. of properly including flavor-mixing effects for affecting the flavor off-diagonal susceptibility, were reported in [44] within a Polyakov loop extended Nambu-Jona-Lasinio model approach.
In Fig. 4 , we exhibit the QPM results for χ 2,0 /T 2 and χ 4,0 and compare with the continuum extrapolated lattice QCD data from [6, 13] (circles). When using the QPM parameters found in section III A, the QPM results (dashed curve in the left panel of Fig. 4 ) underestimate the lattice QCD data (circles) of χ 2,0 /T 2 . For comparison, we also show the lattice QCD data [12] for 2c uu 2 (squares), where the increasing deviations of the QPM results (dashed curve) from the data (squares) for increasing temperatures are due to the different quark mass parameters used here and in section III A. (Note that when applying continuum limit corrections of about 10% in the considered temperature range to the lattice QCD data [12] (squares) as stated above, both continuum extrapolated lattice QCD data sets [6, 13] (circles) and [12] would be fairly well compatible apart from a narrow interval around T ≈ T c such that one unique QPM parametrization would be sufficient.) To bridge the data for χ 2,0 to χ 4,0 by our model, we readjust, therefore, the QPM parameters entering G 2 (T ) in Eq. (22) in order to perfectly describe the lattice QCD data [6, 13] Starting from the definition of the excess pressure ∆p in Eq. (2), including only terms up to j u + j d = 4, the net baryon density n B , suppressing the explicit notation of the temperature dependence inherent in the generalized quark number susceptibilities, reads
Thus, the net baryon density simultaneously depends on two independent chemical potentials, µ u and µ d (or, equivalently, µ B and µ I ). This is similarly the case for a non-interacting gas of gluons and massless quarks with two independent quark flavor chemical potentials.
Only in the special case of µ B − µ u , one chemical potential in Eq. (35) can be replaced. We chose µ B /T = 1 such that
, ensuring that these considerations stay within the range of validity of the employed Taylor expansion approach.
exhibits the value of n B /T 3 for one independent quark chemical potential. n B for µ B = T drops by 3.3% at T = 2 T c and by 4.6% at T = 1.05 T c when changing µ u /T from 0 to 1 3 . Accordingly, one is tempted to consider the detailed knowledge about the individual µ u and µ d dependencies as not so important. In fact, here µ B /T > 1 except for the case when µ u /T = 0 or µ d /T = 0.
In heavy-ion collisions one often relates the quantum numbers of the entrance channel with the ones of the emerging fireball. Isospin-symmetric nuclear matter, for instance, is characterized by an electric charge per baryon ratio of 1:2. This translates into is depicted by the dash-dotted curve in Fig. 6 (left panel) for T = 1.1 T c . The d quark net number density decreases by requiring β-equilibrium, demanding also a non-zero electron density for electrically neutral bulk matter (see Fig. 6 right panel) ; n u is not affected when including electrons and β-equilibrium. This is in contrast to findings for the cold color-flavor locked phase of QCD [46] for N f = 2 + 1 dynamical quarks, where no electrons are required.
The discussion can easily be extended to the physically relevant case of two light (up and down) and one heavier (strange) quarks, considering again two independent quark chemical potentials for the light quarks, µ l = µ u = µ d , and for the strange quark, µ s . Recently, firstprinciple lattice QCD data for this case became available [38, 45] . A detailed comparison of the properly extended quasiparticle model with these lattice results and, in particular, a discussion of finite baryon density effects on the EoS relevant for the hydrodynamical description of the expansion stage of heavy-ion collisions demands further studies.
IV. SUMMARY AND DISCUSSION
The focus of the present paper is an analysis of isovector and various flavor (off-)diagonal susceptibilities for two-flavor QCD by comparing the extended quasiparticle model with lattice QCD data [6, 12, 13] . The model includes the same quark mass parameters m i as used in these lattice simulations. (Basically, one could accomplish also a chiral extrapolation.
However, the effective coupling G 2 (T ) may implicitly depend on these masses. This deserves separate investigations.) A crucial point to be kept in mind concerns finite size effects.
The lattice QCD calculations [6, 12, 13] are performed on grids with finite temporal and spatial extension, while our phenomenological model is formulated in the thermodynamic continuum limit. The use of an improved action in [12] lets us hope that the finite size effects are sufficiently small to make a direct comparison meaningful. In contrast, the lattice QCD data of [6, 13] require severe continuum extrapolation factors. In so far, the comparison of our extended QPM with these data is less direct.
Having these limitations in mind, we emphasize the good agreement of our model with the lattice QCD data for c 2,4 , c as well as for the related generalized quark number susceptibilities. We consider this successful comparison as encouraging. A conclusion is that quasiparticle excitations, with a mass gap also in the chiral limit, are able to explain those features of the strongly coupled quark-gluon medium which are encoded in the mentioned coefficients. In particular, baryon density effects are probed by these coefficients. The baryon charge is carried by quasi-quark excitations, in contrast to models [19] , where di-quark and three-quark modes carry a substantial fraction of the baryon charge. Furthermore, in several physical situations, like relativistic heavy-ion collisions or in hot proto-(quark) neutron stars, the various mentioned coefficients are needed to implement the adequate side conditions.
We have applied our model also for T < T c . Formally, the description of the lattice QCD data below T c requires fairly large values of the effective coupling G 2 (T ). (An alternative description could rely on strongly increasing correlations which are beyond the presently employed approach [47] .) The corresponding excitations become very massive, ranging to hadronic mass scales. It turns out that a few massive excitations reproduce fairly well some of the lattice QCD data within the interval 0.8 T c − T c . This is numerically not too distinct from the hadron resonance gas model, where one may regroup several resonances into a few representative effective excitations. (Vice versa, we mention that the resonance gas model [11, 12, 48] coincides with lattice QCD data also slightly above T c ; for an even more extreme point of view we refer the interested reader to [49] .) In this respect, it is conceivable that several models with fairly distinct assumptions may equally well reproduce the same lattice QCD data on thermodynamic bulk properties -examples are [19, [22] [23] [24] [25] [26] [27] [50] [51] [52] . Only correlators and spectral properties of the excitations can unreveal their real nature in the strongly interacting system.
On the other hand, the coefficient c ud 2 , and accordingly χ 1,1 , is poorly described. This may be a hint for missing modes or degrees of freedom in our model. Qualitatively, our findings can be understood since flavor-mixing effects, which are important for the correct description of the flavor off-diagonal susceptibility, are not explicitly inherent in our quasiparticle model, but only implicitly via the quasiparticle dispersion relations. Progressing lattice QCD calculations are welcome to resolve this issue and to get more confidence in the baryon number carrying modes (cf. discussions in [9, 18] ). Also, the slight deviations between our model and the data very close to T c may signal a deficit of our quasiparticle picture. Nevertheless, considering our phenomenological model as useful parametrization of lattice QCD results, it may serve as QCD-based input for hydrodynamical calculations for the expansion dynamics of matter created in ultra-relativistic heavy-ion collisions, cf. [34] .
Finally, we stress that the utilized Taylor expansion technique is sensitive to the region µ u,d → 0. QCD critical point effects at larger values of µ u,d may not be catched in such an approach. For a phenomenological procedure to supplement our model by critical point features see [53] .
In summary, we extend our quasiparticle model towards two independent chemical potentials. This allows for the determination of various susceptibilities. We find an impressive agreement (with the exception of two numerically small flavor off-diagonal susceptibility coefficients) with lattice QCD data. Since a special set of susceptibilities also provides the Taylor expansion coefficients of the baryon-driven excess pressure, we argue that our phenomenological quasiparticle model catches relevant modes for the equation of state at non-zero net baryon density. It may be used, therefore, for the future determination of higher-order Taylor expansion coefficients which become increasingly important at larger net baryon densities. 
(2π) 3 ln 1 − e −ωg/T − ω g /T (e ωg/T − 1) ,
where i = u, d and µ u = µ q + µ I , µ d = µ q − µ I . This additivity in the contributions s l of the various parton species is anchored in the underlying two-loop QCD Φ functional [47, 55, 56] .
where the phase-space integrals I k are given by 
(e ωg/T − 1) 2 ,
(ω u + µ q + µ I )e (ωu+µq+µ I )/T (e (ωu+µq+µ I )/T + 1) 2 + (µ q,I → −µ q,I ) ,(52) In Eqs. (14) and (15), µ q and µ I in the phase-space integrals I k are replaced by µ u = µ q + µ I and µ d = µ q − µ I .
Appendix D
Let us first briefly discuss an implication of the requirement µ u,d ≪ πT needed for the consistency of Eqs. (12) and (13) . Second-order susceptibility coefficients depend on G 2 evaluated at µ u,d = 0, while fourth-order coefficients depend on G 2 and ∂ 2 G 2 /∂µ 2 u,d at µ u,d = 0. In general, n-th order derivatives of G 2 require up to and including (n − 1)-st derivatives of C 1 or C 2 . This implies that up to and including third-order the derivatives of the effective coupling can trustfully be taken. Therefore, second-and fourth-order susceptibility coefficients and related quantities are uniquely determined. However,
and higher orders cannot be evaluated uniquely. These derivatives enter, for instance, sixth-and higher-order susceptibility coefficients.
The origin of this insanity is the special ansatz for the self-energy parts in the quasiparticle dispersion relations in Eqs. (4) and (5), while our primary thermodynamic potential in Eq. (37) together with (38) should allow for consistency in all orders of powers of µ u,d .
The reasoning for our ansatz in Eqs. (4) and (5) is the contact to one-loop expressions for the self-energies [57] . It has been shown, however, in [58] , for one (imaginary) chemical potential, that one can discard the explicit µ 2 terms in the self-energies and obtains an equally suitable description of the lattice QCD results. In other words, the stationarity property of the thermodynamic potential p, involved in our quasiparticle model, causes a robustness against such modifications of the employed self-energy parametrizations.
It happens that for the modified self-energies, Π i =
